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Abstract 

We reveal a dynamical SU(2) symmetry in the asymptotic description 
of supersymmetric matrix models. We also consider a recursive approach 
for determining the ground state, and point out some additional properties 
of the model(s) . 

1 Introduction 

Ten years ago, a lot of effort was put into the question of zero-energy states in 
SU(-/V)-invariant supersymmetric matrix models. While the attempt to explic- 
itly construct such a state mainly pQ used a space-independent (but manifest 
SO(d)-invariance-breaking) decomposition of the fermions into creation and an- 
nihilation operators, the asymptotic form of the wave function was determined 
with the help of space-dependent fermions [SJ [3J H] . 

In this paper we would like to point out a dynamical SU(2) symmetry and the 
formation of 'Cooper pairs' that arise in the SO(e?)-breaking formulation when 
diagonalizing certain ingredients of the fermionic part of the Hamiltonian. We 
start by considering the asymptotic SU(2) theory but note that several features 
extend to the non-asymptotic and general SU(iV) cases. 

2 Asymptotic form of the Hamiltonian 

The bosonic configuration space is a set of d = 2, 3, 5, or 9 traceless hermitian 
matrices X s , corresponding to the Lie algebra of the gauge group SU(iV). For 
simplicity, we start by taking N — 2. Coordinatizing regions where the bosonic 
potential, 

V=-\Y, tr [*"*t] 2 , (1) 

a,t=l 

is zero by (cp. e.g. [HH]) 

X t = r cos 6 E t {\e act a), t=l,...,d-2 
Xd^+iXa = rsinfl {\e A a A ), 
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where e 2 = 1, J2 t =i ®l = 1 and a a are the Pauli matrices, - times the effective 
asymptotic Hamiltonian (cf. [HE]) becomes 

H°° = H<g + 2cos6> {-iectABc) ^ap X aA d\ pB 

+ sin9 e lv (e c e AB c) KaKb ( 3 ) 
+ sin6> e~ lv (e c eABc) d\ aB d\ aA . 

The last three terms are the leading ones in the fermionic part of the Hamilto- 
nian (as r — + oo) while which arises from —A + V in that limit, denotes 
an independent set of harmonic oscillators on R Sd with ground state energy sa 
= 2, 4, 8, or 16. T := Et=i E t Y t is a purely imaginary, antisymmetric, and 
hence self-adjoint 4f x ^--matrix squaring to unity. X a A and d\ aA = X' aA are 
space-independent fermion creation resp. annihilation operators satisfying 

{X a A,d\ 0B } = &aP&AB, 
{X a A, ^/3b} — {dx aA ,d\ l3B } = 

and acting on the fermionic vacuum state |0), defined by d\ aA \0) = Va, A. 
Wc define space-dependent fermion creation operators (for d = 3, 5, 9) 

Kj T ■= {^j) a {n T ) A X aA , (5) 

where a, r denote + or -, and n± S C 3 resp. e CT j € C Sd / 2 are eigenvectors of 
(-ze c ecAs) resp. T a/3 , 

ie x n± = ±n± (6) 
re ±i = ±e ±J -, j = l,...,^. (7) 

We choose these to depend continuously on e and E, as well as to be orthonormal 

and such that the complex conjugates (n±)* — n^i and (e±j)* = e=pj. The 

asymptotic Hamiltonian H°° , when acting on the ground state of , can then 
be written as 

H = H + H + + H- , (8) 
H Q = s d + 2cos0 Ej(N Aj ~ N Bj ), 

H+ = 2 sin0 E^A. +£?.), (9) 



where 



satisfy 



= 2 sin0 Ei(4 + S , t )» 



B. : ie^A_ i+ A +i _, 



[^.,At] = iV Aj - 1 := X +j+ d x+j+ + \-j-dx_t_ - 1, 
[^.Bj] = AT B . - 1 := A_ i+ 9 A _, + + A +J _9 A+3 ._ - 1. 



(10) 



(11) 



For the d—2 case we instead of §5§ define X± := {n±) A X A and the corresponding 
expressions for the asymptotic Hamiltonian are simply 

F = 2, H + = 2C, H_=2C\ C :=ie iv X,X_. (12) 
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3 Dynamical symmetry 

Let us now restrict to d~9 (for definiteness). Denoting A := ^ . Aj by J+ ® 1, 

At = £\ A] by J_ (8 1, i(7V A - 4) := ±(£\ AT A . - 4) by J 3 ® 1, and similarly 
1 (g) J + , 1 <g> J_, 1 (g) J 3 for the Bs, with 

[J+,J_]=2J 3 , [J 3 ,J±]=±J±, J± = Ji±zJ 2 , (13) 

eqs. ([8]), can be written as 

\H = (2 + cos 9 J a + sin 0Ji) <g> 1 + 1 ® (2 - cos0J 3 + sin0Ji), (14) 

thus exhibiting the dynamical symmetry mentioned above. The relevant SU(2) 
representations are the tensor product of four spin ^ representations, i.e. direct 
sums of two singlets (note that both (A1A3 + A2A4 — A1A4 — ^^b^O) and 
(A 1 A 2 +A 3 A4-A 1 A4-A 2 A3)\0) are annihilated by A, A\ and \{N A -A)), three 
spin 1 representations, and (most importantly, as providing the zero-energy state 
of H) one spin 2 representation acting irreducibly on the space spanned by the 
orthonormal states 

|0), iA|0), ^10), ^4 3 |0), iA 4 |0). (15) 
Restricting to that space (correspondingly for the -Bs), we can write 
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■ J+ = 


V6 


, J- = 


V6 
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(16) 

Since the spectrum of sin 9 J\ ± cos 9 J 3 is the same as that of J 3 , the spectrum 
of jH clearly consists of all integers between zero and eight, with the unique 
zero-energy state ^ most easily obtained by solving individually, for each Aj 
resp. Bj degree of freedom, 

(l ± costf 4 3) + sin # * = e T ^4 J) (1 ± e ±*«* a % I Qj (17) 

where we identify 2J k = <g)l<g)l<g>l + ... + l<g)l<g)l<g)cr[ 4) = Y? 3 =i 0$ ■ 

In our notation <r^\0) = — 10) and a^Aj\0) = +A,|0), and we easily find the 
solution to (fTTf as 

* = (Uje-^) (Uje^B^ |0) = e -«(A«i-i»J»)^|o). (18) 

Using the nilpotency of Aj and Bj for 

e a ^~ A P\0) = cosa e tanQ A ^|0) and e~ a{B i- B l ] BA0) = sine e cotQ ^|0), 

(19) 

the ground state can also be written as 

# = 1 ^e- 4i¥ '(sin6i)- 4 n j ; (sind - (I - cos6)Aj)(sm6 - (I + cos9)Bj)\0) 
= ±e- 4 ^(smfffe- 1 ^ A - 1 i^ B \0)~e- c °\0) 7 

(20) 
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with C g := 1 ~ i c °e 9 (J+ O 1) + 1 tin°e 9 ( 1 ® J +)- Alternatively, one can solve the 
2x2 matrix eigenvector equations resulting from (|17[l . 



(l + cos8(N A] - 1) + sin0(Aj + At)) 4- = 0, 
(l - cos6(N Bj - 1) + sinfl^ + fit})) * = 0, 



(21) 



to obtain ([2"Uf . 

For <i=2 the asymptotic ground state is easily found from ([T 



*=-i=e- c |0> = ^(l-C)|0). (22) 

An interesting feature of the form (fTl^) for the ground state is that it expresses 
it as a spin-rotation by an angle 6 applied to some reference state i? 4 |0) (which 
itself also varies in the first d — 2 directions in space according to $Z§, (O, {7}). 



4 Graded chain of Hamiltonians 

Consider the grade- resp. fermion number-ordered equations 

#0*0 + H^ 2 = 0, 

#+*0 + #0*2 + #-*4 = 0, 
#+*2 + #0*4 + #_* 8 = 0, 



(23) 



#+#12 + #0*14 + #-#16 = 0, 
#+*14 + #0*16 = 0, 
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implied by ## = (# + #+ + #-)(#o + #2 + ■ ■ • + *ie) = 0. (We have 
dropped the eight non-dynamical parallel fermions A„ := XolAGa ) The following 
method to construct the ground state we believe to be relevant also for the fully 
interacting, non-asymptotic theory. Use the first equation in (j2"3")) to express \I/o 
in terms of #2, 

*o = -#o7 1 #-# 2 . (24) 

#o is certainly invertible on the zero-fermion subspace, even in the full theory, 
where (cf. p]) 

#o = - A + V - 2ix jC fcABTi p \ aA \\ B . (25) 
Using f2"4"|) , the second equation in (j2"3"|) can be written as 

#2*2 + #-#4 = 0, with # 2 := # - #+#,7 1 #-, (26) 

yielding 

#2 = -# 2 - 1 #_#4, (27) 

provided #2 is invertible on #_*4, resp. the two-fermion sector of the Hilbcrt 
space. Continuing in this manner, denoting 

jr 2fc := Span{A m # n |0)) ni ,„. , . (28) 

Aft 1 L 1 ' J m,n— 0,1,2,3,4, m-\-n=k v y 
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for the considered 2fc-fermion subspace, we find that if we assume invertibility 
of i?2fe on we can form 

H 2 (k+i) ■= H - H + H~,}H- (29) 

on J%2tk+i) an d solve for <3/2/c in terms of x f , 2(fe+i)- The final equation for St^g is 
#16*16 = 0. 

For concreteness, denote an orthonormal basis of Jff = ®k^ik by \k, I) := 
£g> \l), where, as in (fT5|) . 

\k) := ^=^|0>. (30) 

Then H+H^ 1 H_, e.g., acts on ,J%? 'tridiagonally' according to 

^ArgH + H 1 H-\k, I) = (^(/J^^cose + 4+(fe-/+i)cose) 

I V'(5-t)(fc+l)(4-fc) . - (31) 



+ v S ( 7V ) ifc-M+i). 

4+(/c— Z — 1) cos 6 I ' ' 

Calculating the spectra of H 2 k on J^fc (e.g. with the help of a computer) one 
can verify the invertibility of all H 2 k on J{?2k for k < 8, while i?i6 is identically 
zero on J%is. Hence, one can also start with the state ~ ^4 4 i3 4 |0) (with 
correct normalization in 9) and generate the lower grade parts of the full ground 
state * using the relations l[2"4"[). (|27)l . etc. 

Let us finish this section by noting a simple consequence of the graded form 
(f2"3f of the ground state equation = (for general d and N). Taking the 
inner product of the grade 2/c-equation with yields 

(* 2 fc, ff-* 2 (fe+i)) = -(H ) 2 k - (* 2 fc, fl+*2(k-i)> _ 

= -(i?o> 2 fc - (* a (*-i), 

where (if )2fc := (*2fc, H ^ 2k )- The first equation reads (* , H-^ 2 ) = ~{H }o 
which is real. The second then becomes (^ 2 , = —(H ) 2 + (H ) , and so 

on, so that in the last step one obtains 

A 

EMm^o, (33 ) 

fc=0 

where A is the total number of fermions in the relevant Fock space. 

It is instructive to verify |33|) for the asymptotic N = 2 case studied above, 
since there all relevant terms can be calculated explicitly. Using the basis ([BIT]) 
and the notation a := 1 — cos#, (3 := 1 + cos#, wc find 

/*\ 1 i\z Id 



•-•^w-En^^'EnisSiF^- (34) 

Hence, 



(^2n,H ^ 2n ) = l(sin0) 8 - 2 " £ (4+(fc-Ocos0)a 2fe /3 2/ . (35) 
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5 General SU(iV) 



Let us now derive, for general N > 2, the ground state energy of 

Hp = ijapfABCXtcOaAOpB (36) 

in regions of the configuration space where the potential V is zero. (As in (1231) . 
Iabc denote the structure constants of SU(iV) in an orthonormal basis.) By ((T|) 
this means that all X s are commuting, hence can be written X s = UD S W where 
U is unitary and independent of s and the D s are diagonal. If we look into a 
particular direction (corresponds to fixing e in the SU(2) case) and choose a basis 
{Ta} accordingly we may write X s = D s = x s aTa — x sk T k an d x sa — 0, where 
k = 1, . . . , N — 1 are indices in the Cartan subalgebra and a,b — N, . . . , TV 2 — 1 
denote the remaining indices. 

Denoting the eigenvalues of X t by i.e. X t — diag(^* , . . . , Mw)> then the 
eigenvectors {e kl } k ^u of M* b := -ifabcxtc = -il a bk x tk satisfy (cf. e.g. [5]) 

M'eu = (/4 - ix\)e kl =: fS kl e kh (e a kl )* = ef k . (37) 

The crucial observation is that these eigenvectors are independent of t. Now, 

Hp = — n ( a pM ab 6 aa 6pj ) = W a a,/3b QuaQpb, (38) 

where W := — J2t 7* ® ^ ■ From the above observations we have the ansatz 
E^ki '■= ® e k i for the eigenvectors of W, giving 

where 7(fc, Z) := — ^ t /ij.;7* squares to Et(/4z) 2 - Letting i; M = v±j k i denote the 
corresponding 16 eigenvectors of r ){k 1 I), we find 

WE ±jkl = ±VEM l ) 2 E± 1 ki (40) 

and Hp therefore has E a := — 16^ fc<i ^/X^=i(Mfc " /4) 2 as its lowest eigen- 
value. 

This agrees with the following two previously known cases: [5], where only 
Xg is assumed to have large eigenvalues so that E — ► — 16X)fc<z I A 4 ? — M^li 
as well as the SU(2)-case studied above, where (O with e.g. = Sas gives 
E = -16r. 
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